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Abstract—The partitioning of transmit power and
the allocation of bits per symbol to the modulation
schemes within the subchannels of multicarrier
systems essentially affect their performance ca-
pability. Here a two-stage optimization setup is
proposed: Firstly, the bit rate is maximized using
the Lagrange Multiplier method, which in general
leads to non-integer numbers of signalling levels.
Based on given practical constraints by e. g. the
rounding of the number of signalling levels, an
interesting extension is investigated: A second
optimization step is applied to improve the system
performance further in terms of decreasing the
bit-error rate or in terms of increasing the bit
rate. For the rounding of the number of signalling
levels two different approaches are investigated.
Exemplary results are obtained for the multicarrier
transmission over twisted wire pairs.

Index Terms— Multicarrier transmission, power
allocation, bit loading, filtered multitone modula-
tion, Lagrange multiplier method, quadrature am-
plitude modulation.

1. Introduction

MULTICARRIER transmission techniques are
powerful alternatives compared with single-

carrier or baseband transmission techniques [3],
[4]. On the one hand they are used for the trans-
mission over copper cables with strong frequency-
dependent attenuation in the local cable area
(e. g. ADSL, asymmetric digital subscriber line)
and on the other hand they are successfully ap-
plied in digital transmission systems for frequency-
selective radio channels (e. g. DVB, digital video
broadcasting or DAB, digital audio broadcasting).
Multicarrier systems divide the available frequency
range into narrow subchannels. The allocation of
signalling levels (i. e. bits per symbol) and the
partitioning of transmit power to the subchannels
are degrees of freedom, which essentially affect
the performance capability of multicarrier trans-
mission systems [5].
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Known bit loading and transmit power allocation
techniques are often based on a fixed target bit
rate. Examples can be found in a huge variety
in the literature: The allocation scheme according
to [6] allocates the signalling levels of the sub-
channel modulation schemes based on the chan-
nel capacity. The transmit power after rounding
the signalling levels towards integer numbers of
bits per symbol is assigned in such a way that
equal error rates in the subchannels arise. The
approach according to [7] is based on maximizing
the signal-to-noise ratios per subchannel. The
algorithm [8] successively assigns the signalling
levels to the subchannels in such a way that the
next bit per symbol is allocated to the subchannel,
which requires the least additional transmit power
until the target bit rate is reached. The aim of
these methods is an increase of the transmission
quality at a fixed overall bit rate. This is particularly
appropriate, when the reliability of a transmission
at e. g. a standardized bit rate should be increased
or a transmit power reduction is desired at a given
bit-error rate and a fixed bit rate.

In this contribution the allocation of the number
of signalling levels and the transmit power to the
subchannels is considered under the aspects of
maximizing the overall bit rate at a fixed required
quality (e. g. bit-error rate or signal-to-noise ratio)
or of minimizing the bit-error rate at a given bit
rate. The former is of great practical interest in
wireline and wireless transmission, respectively,
since the demand for high data rates is growing
very fast. The latter one is often required, if the
transmission reliability has to be improved at a
standardized bit rate.

The intention of this contribution is not to de-
velop a new bit and power loading algorithm,
which outperformes existing ones. Here, general
aspects and interrelationships of bit and power
allocation in multicarrier systems are considered.
The effects of complementary optimization targets
such as bit rate maximization or bit-error rate
minimization are investigated under given (fixed)
boundary conditions.

The contribution is organized as follows: In sec-
tion 2 the transmission model is introduced and in
section 3 quality criteria and possible directions of
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optimization are briefly reviewed. In section 4 and
5 different power and bit allocation schemes are
investigated, where the focus lies on a two-stage
optimization scheme in order to make efficient
use of the transmit power. In section 6 numerical
results are presented. Some concluding remarks
are given in section 7.

2. System model

The considered N channel multicarrier trans-
mission system is shown in Fig. 1. The transmitter
consists of N bandpass filters, whereas the first
subchannel is not executed as a baseband chan-
nel but also as a bandpass channel in order to al-
low a unique description and enable the usage of
the low frequency range for the analog telephone
transmission (e. g. voice) [9]. The subchannel’s

.

.

.

.

.

.

.

.

.

.

.

.

PSfrag replacements

uq 1(t)

uq i(t)

uq N(t)

Gs 1(f)

Gs i(f)

Gs N(f)

Gk(f)

Ψ0

1
Gk(f)

1
Gk(f)

1
Gk(f)

Ge 1(f)

Ge j(f)

Ge N(f)
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âj[k]
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Fig. 1. Multicarrier transmission system

source signal is described by

uq µ(t) = Us µ Ts

+∞
∑

k=−∞

aµ[k] · δ(t − k Ts) , (1)

whereby a sequence of Dirac pulses is weighted
by the amplitude coefficients aµ[k]. The value Us µ

indicates the half-level transmit amplitude and the
symbol duration is denoted by Ts, respectively
[2]. Furthermore the pulse shaping concept is
based on the filtered multitone modulation (FMT).
Transmit and receive filters Gs µ(f) and Ge µ(f),
respectively, are two-fold lapped base functions as
proposed in [10] and investigated in [9]. Compared
with a multicarrier system, which uses a rect-
angular pulse shaping (e. g. OFDM, orthogonal
frequency division multiplex) a guard interval can
be avoided here. This leads to an increase in the
spectral efficiency with the drawback of a slightly
increased complexity (e. g. equalization unit) [11].
The influence of different pulse shaping concepts
(e. g. FMT, Wavelet) and their behaviour under
non-ideal channel conditions were investigated in
[12] and [9].

The cable is described by the transfer function

Gk(f) ≈ 1

2

1
∞
∏

ν=1

(

1 + j
f
fν

)

with fν =
π2 (2 ν − 1)2

4 l2
f0 ,

(2)

where l denotes the cable length (in km)
and f0 is the characteristic cable frequency
(in MHz · km2), respectively [13]. Based on the
choice of the combined equalizer-receive filter
function Ge µ(f)/Gk(f), intersymbol and inter-
channel interference can be avoided completely
(Fig. 1). Other equalization concepts in combi-
nation with FMT modulation were investigated
exemplarily in [14] or [12].

3. Quality criteria and optimization setups

The quality of the data transmission can be
evaluated by using the well-known signal-to-noise
ratio (SNR) definition (e. g. [12], [15])

% =
(Half vertical eye opening)2

Noise disturbance
. (3)

With this definition a SNR per subchannel can be
defined in the following form:

%µ =
U2

s µ

U2
R µ

µ = 1, 2, · · · , N . (4)

Here, the half vertical eye opening at the sampling
instant is identical with the half-level transmit am-
plitude Us µ since intersymbol and interchannel in-
terference can be avoided completely after receive
filtering (with equalization) and sampling (Fig. 1).
Further, the noise disturbance per quadrature
component after receive filtering and sampling is
denoted by U2

R µ [12]. With this definition a symbol-
error rate per subchannel using QAM (quadrature
amplitude modulation, e. g. [16], [17]) can now be
formulated as a function of the number of signal
points Mµ and the SNR %µ

Pf µ ≈ 2

(

1 − 1
√

Mµ

)

erfc

(
√

%µ

2

)

. (5)

Assuming gray coding [17], the bit-error rate per
subchannel yields to

Pb µ =
1

log2(Mµ)
Pf µ . (6)

Combining (5) and (6), the bit-error rate of the
whole multicarrier system can be evaluated by tak-
ing all subchannel bit-error rates Pb µ into account
and results in

Pb =
1

N

N
∑

µ=1

2

log2(Mµ)

(

1 − 1
√

Mµ

)

erfc

(
√

%µ

2

)

.

(7)
The optimization requires not only the considera-
tion of the bit-error rate but also the data-rate and
their mutual impact on each other. In many cases
the data throughput

fBges =

N
∑

µ=1

fB µ = fT

N
∑

µ=1

log2(Mµ) (8)
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has to be maximized, where the boundary con-
ditions of a restricted transmit power Ps and a
required error-rate Pb ref have to be fulfilled. These
constraints can be defined as follows

a) Ps−
N
∑

µ=1

Ps µ ≥ 0 and b) Pb ref−Pb ≥ 0 .

(9)
Throughout this contribution it is assumed that the
number of subchannels N and the total transmit
power Ps are fixed. The remaining parameters
like the symbol pulse frequency fT = 1/Ts, the
partitioning of the transmit power Ps µ to the sub-
channels and the expected error-rate Pb ref as well
as %µ and Mµ are degrees of freedom. Unfortu-
nately they are not independent and mostly have
a strong impact on each other. A cost function can
now be defined

J = fBges + λ1

(

N
∑

µ=1

Ps µ − Ps

)

. . .

. . . + λ2

(

1

N

N
∑

µ=1

Pb µ − Pb ref

)

(10)

using the Lagrange multiplier method, where λ1

and λ2 are the Lagrange multipliers [18]. Unfortu-
nately the solution of this cost function is highly
complex. That is why in most cases only one of
the two boundary conditions is considered in the
optimization process by the search for closed-form
analytic solutions. The use of the Lagrange multi-
plier method in combination with power allocation
schemas has already been considered in a lot
of publictions for wireline and wireless channels,
respectively [19]–[23].

4. Throughput maximization at a fixed SNR per
subchannel

A. Basics

Ignoring the boundary condition error-rate de-
fined in (9 b), the cost function defined in (10) can
be simplified to

J(M1,M2, · · · , MN ) = fT

N�
µ=1

log2(Mµ)+λ

��
N�

µ=1

Ps µ − Ps �� ,

(11)

whereas the number of signal points Mµ should
be chosen in such a way that the resulting bit
rate fBges is maximized and the constraint of a
restricted transmit power is maintained. In order
to find a closed-form analytic solution a fixed
SNR per subchannel %µ and a fixed symbol pulse
frequency fT are assumed.

Considering square signal constellations (e. g.
4-QAM, 16-QAM, 64-QAM) the transmit power per

subchannel Ps µ according to [24] or [16] yields to

Ps µ =
2

3
U2

s µ (Mµ − 1) . (12)

For cross constellations (e. g. 32-QAM, 128-QAM,
512-QAM) the transmit power yields to

Ps µ =
1

48
U2

s µ (31 Mµ − 32) . (13)

Since the error between (12) and (13) can be
neglected with increasing M (e. g. M ≥ 32) only
(12) is used for further calculations. Figure 2
shows on the one hand the exakt powers of the
signal constellations (calculated according to (12)
for square constellations and to (13) for cross
constellations) and on the other hand the ap-
proximate powers calculated according to (12) for
all constellations. It becomes obvious, that the
equation (12) provides a good upper bound for the
power of cross constellations (13) and for square
constellations it is the exact solution. Furthermore
we exclude the 8-QAM from our investigations,
since both equations (12) and (13) do not consider
the transmit power of an 8-QAM accurate enough.
In a practical system the usage of an 8-QAM
should be possible if a separate calculation of the
transmit power is being done [24].

Therefore with the assumption of a given SNR
per subchannel %µ the transmit power calculations
simplify with (4) to

Ps µ =
2

3
%µ U2

R µ (Mµ − 1) . (14)

The derivation of (11) with respect to the searched
parameter Mµ leads to

∂

∂ Mµ

J(M1, M2, · · · , MN) =
fT

Mµ ln(2)
+λ

2

3
%µ U2

R µ .

(15)
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With the assumption of an equal SNR per sub-
channel i. e.

%µ = %0 for µ = 1, 2, · · · , N (16)

and by setting (15) to zero, the searched Mµ are
obtained:

Mµ = − 3

2 ln(2)

fT

λ %0 U2
R µ

µ = 1, 2, · · · , N .

(17)
The Lagrange multiplier λ can be determined with
(9 a), (14) and (17) and results in

λ = − 3 N fT

3 Ps ln(2) + 2 ln(2) %0

N
∑

ν=1
U2

R ν

. (18)

This solution now leads to the optimal real-valued
numbers of signal points per subchannel

Mµ =
3 Ps

2 N %0 U2
R µ

+
1

N U2
R µ

·
N
∑

ν=1

U2
R ν . (19)

Evaluating the expression Mµ U2
R µ, an important

result for the multicarrier system design can be
obtained as shown in [7]: With (19) it yields to

Mµ U2
R µ =

3 Ps

2 N %0
+

1

N
·

N
∑

ν=1

U2
R ν = constant .

(20)
A capacity maximization requires a fixed Mµ U2

R µ

for all subchannels of the multicarrier transmission
system with equal SNRs per subchannel as well
as fixed Ps, N and U2

R µ (based on a fixed fT).
With (14) and (16) this leads to a transmit power
per subchannel

Ps µ =
2

3
%0 U2

R µ Mµ − 2

3
%0 U2

R µ . (21)

Here, the first term is fixed with the result for-
mulated in (20) and also the second one for a
given fT, respectively. The capacity maximization
therefore requires a uniform distribution of the
transmit power to the subchannels.

B. Realization

The usage of realizable QAM setups requires a
roundoff of the calculated optimum Mµ. In order to
achieve required quality criteria the following two
rounding operations were considered:

1) Non-iterative rounding: The choice of the
next smallest power of two as a practically favor-
able number of signal points leads to the following
integer number of bits per symbol and can be
described mathematically as

log2(Mµ) = blog2(Mµ)c . (22)

The expression b·c delivers the next smallest in-
teger value.

2) Iterative rounding: Next to the considered
non-iterative rounding an iterative rounding was
introduced as shown in [7] in order to make a
better use of the system parameters. Here, the
rounding is based on the following rule:

log2(Mµ) =

{

b log2(Mµ) + 0.5c log2(Mµ) > 1.5
0 otherwise

(23)
whereby the minimum number of bits per symbol
was limited to a value of two (based on the
assumption in section 4.A). In cases where the
calculated transmit power exceeds the given total
transmit power the largest rate log2(Mµ) is, ac-
cording to [7], decreased by a value of one until
the calculated transmit power is lower than the
given total transmit power (e. g. Ps = 1 V2).

C. Effects for further optimizations

These rounding operations combined with the
transmit power adjustment do not have an influ-
ence on the SNR per subchannel %µ, since the
SNR can be expressed as

%µ =
3 Ps µ

2 (Mµ − 1) U2
R µ

≡ %0 (24)

and there exists a linear relationship between Ps µ

and Mµ. The transmit power per subchannel can
now be calculated according to

Ps µ =
2

3
U2

s µ (Mµ−1) =
2

3
%0 U2

R µ(Mµ−1) . (25)

Upholding an equal SNR for all subchannels %µ =
%0 and taking (4) into account, the reserve in the
transmit power

∆ Ps = Ps −
2

3
%0

N
∑

µ=1

U2
R µ (Mµ − 1) (26)

is obtained. This power reserve depends on the
constellation sizes Mµ, on the noise power U2

R µ

(via the pulse frequency fT) and on the desired
SNR %0. The influence of the SNR on the arising
power reserve at a fixed pulse frequency is illus-
trated in Fig. 3 and this power reserve can now be
used in two ways in a second step of optimization:
Either the throughput with an integer number of
bits per symbol can be maximized or the bit-error
rate at a fixed data rate can be minimized. These
two ways are shown in the next section.

5. Mutual impact between bit-error rate and
data-rate

A. Throughput maximization

With given constellation sizes and equal SNRs
per subchannel, the resulting transmit power re-
serve (26) can be used to increase the overall
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bit rate via an increased pulse frequency. With a
given integer number of bits per symbol the bit
rate yields to

fB ges = fT

N
∑

µ=1

log2(Mµ) . (27)

Assuming fixed values of Ps, %0 and Mµ, the
pulse frequency fT can now be increased and
therefore the noise power U2

R µ is enhanced, until
the boundary condition of a given total transmit
power (9 a) is met. The expression %0 = U2

s µ/U2
R µ

remains constant in the case of a rising pulse
frequency fT, because the expression (24) is valid
and there exists a linear relationship (25) between
Ps µ and U2

R µ via the factor 2/3 %0 (Mµ − 1).
Only the constellation size will affect the bit-

error rate differently. Upholding an equal SNR for
all subchannels, the differences in the bit-error
characteristic will be determined by the parameter

2

log2(Mµ)

(

1 − 1
√

Mµ

)

, (28)

which depends on the QAM subchannel constel-
lation size Mµ. Therefore an equal SNR power
allocation scheme cannot lead to the best possible
bit-error rate, since the largest subchannel bit-
error rate will dominate the overall bit-error char-
acteristic.

B. Bit-error rate minimization

The transmit power reserve (26) originating in
rounding the number of signalling levels can also
be used to increase the overall bit rate, as shown
in the preceding section. Alternatively, this power
reserve can be used to correct the SNR per
subchannel in order to minimize the overall bit-
error rate (at a fixed fT), now allowing different

SNRs per subchannel. Starting from the bit-error
rate per subchannel according to (5) and (6)

Pb µ =
2

log2(Mµ)

(

1 − 1
√

Mµ

)

erfc

(
√

%µ

2

)

,

(29)
the aggregate bit-error rate (7) has to be mini-
mized with respect to a given total transmit power
(9 a). The Lagrangian multiplier method leads to
the cost function

J(Us 1, Us 2, · · · , Us N ) =
1

N

N�
µ=1

Pb µ+λ

��
N�

µ=1

Ps µ − Ps �� ,

(30)

whereby the half-level amplitudes Us µ should now
be chosen in such a way that the overall bit-
error rate is minimized. Contrary to the number
of bits per symbol calculated in the first step of
the optimization, here the half-level amplitudes are
searched. The transmit power per subchannel can
be calculated via (25) for given QAM constellation
sizes Mµ.

The derivation of the cost function with respect
to the searched Us µ and setting it zero leads to
the half-level amplitude of the µth subchannel

Us µ =
3 ln(2) · e−1

2A

√
2πNλ ln(Mµ) · UR µ · (Mµ +

√

Mµ)
(31)

with

A = W

(

9 ln2(2)

2πN2λ2 ln2(Mµ) · U4
R µ · (Mµ +

√

Mµ)2

)

,

(32)
where W(x) denotes the Lambert W function [25].
Inserting these values into the boundary condition
(9 a)

Ps −
2

3

N
∑

µ=1

U2
s µ (Mµ − 1) = 0 (33)

results in λ and the searched half-level ampli-
tudes. This optimal set of half-level amplitudes for
a fixed fT (and therefore fixed U2

R µ) and Mµ leads
to a minimal overall bit-error rate after (7) at a fixed
data rate fBges.

6. Results

For the following numerical evaluation the ex-
emplary parameters %0 = 30 (in the first opti-
mization step), Ps = 1 V2, N = 4, l = 2 km,
f0 = 0.178 MHz · km2 (cable with a wire diameter
of 0.6 mm) were assumed. A white Gaussian noise
with a power spectral density Ψ0 = 10−12V2/Hz is
added at the cable output [26].

Figure 4 shows the influence of both round-
ing operations (iterative and non-iterative) on the
achievable bit rate, when the bit rate is maximized:
In both cases the maximum bit rate occurs at the
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same optimum pulse frequency. According to (27)
the overall bit rate can be maximized either by in-
creasing the pulse frequency or by rising the sum
of the numbers of bits per symbol in the subchan-
nels. Thus, these variables are interchangeable
in the sense of maximizing the overall bit rate:
In case of iterative rounding the transmit power
reserve (Fig. 3) is lower, but higher numbers of
bits per symbol in the subchannels can be used,
whereas in case of non-iterative rounding smaller
numbers of bits per symbol are used, but the
higher transmit power reserve allows a variation
of the pulse frequency to higher frequencies. At
the (fixed) optimum pulse frequency the same
numbers of bits per symbol in the subchannels are
obtained according to both rounding approaches
for a maximum overall bit rate. The bit-error rates
per subchannel are slightly different assuming
a constant SNR in all subchannels, because of
the dependency of the subchannel BERs on the
number of signalling levels according to (28).
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Fig. 4. Overall bit rate fBges as a function of the pulse fre-
quency fT for both rounding approaches in the first optimiza-
tion step and bit-rate maximization in the second optimzation
step

Figure 5 shows the overall bit rate fB ges de-
pending on the pulse frequency fT for both inves-
tigated rounding operations and both strategies of
optimization in the second stage (i. e. maximiza-
tion of the overall bit rate and minimization of the
aggregate bit-error rate for a fixed set of QAM
bits/symbol in the subchannels).

Using non-iterative and iterative rounding, differ-
ent amounts of transmit power reserves emerge.
In case of BER minimization and non-iterative
rounding, the relatively high transmit power re-
serve can be used for minimizing the BER in the
second optimization step: That is why a smaller
overall bit-error rate is obtained than in case of
iterative rounding (Fig. 6), where a smaller trans-
mit power reserve remains (at a higher overall bit
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Fig. 5. Overall bit rate fB ges as a function of the pulse
frequency fT for both power allocation approaches

rate).

7. Conclusion

In this contribution, strategies for allocating the
transmit power and the numbers of bits per symbol
to the subchannels of a multicarrier system using
QAM were investigated. The main focus in this
publication was to show the relationship between
both aims of optimization: BER minimization and
capacity maximization. Therefore a clearly defined
reference system was considered.

Firstly, the numbers of bits per symbol were
allocated to the subchannels based on an equal
signal-to-noise ratio in all subchannels with the
aim of a maximum overall bit rate. Here it could be
shown, that a uniform distribution of the transmit
power is necessary. From this, real numbers of
signaling points of QAM constellations were ob-
tained. For practical applications, the constellation
sizes are rounded towards integer numbers of bits
per symbol. Here, different rounding operations

0.3 0.4 0.5 0.6 0.7
10

−14

10
−12

10
−10

10
−8

PSfrag replacements

non-iter. rounding, Maximizing bit rate
iter. rounding, Minimizing bit-error rate
non-iter. rounding, Minimizing bit-error rate

P
b
→

fT (in MHz) →
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and their effects were analyzed. In doing so, a
transmit power reserve emerges, which on the
one hand can be used to increase the bit rate (via
a rising pulse frequency). On the other hand the
drawback of different subchannel bit-error rates
can be avoided using the second approach where
the aggregate bit-error rate at a fixed bit rate is
minimized. Here the iterative rounding with mini-
mizing the bit-error rate in the second optimization
step has lead to the lowest bit rate loss compared
to the best results using the bit rate maximization.

For further optimization it might be fruitful to
take other setups of bit and power loading into
account. We expect, that similar results can be
achieved, if they are compared to each other
with respect to the optimization criteria considered
here.
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